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Abstract. Our aim is to investigate spaces with tr-discrete and meager 
dense sets, as well as selective versions of these properties. We construct 
numerous examples to point out the differences between these classes while 
answering questions of Tkachuk 30 , Hutchinson I V and the authors of pj]. 



1. Introduction 



Topologists and analysts have often considered properties stating that a space 
fe^s a small dense set. The most popular of them is separability, that is, the 
ppSperty of having a countable dense set. The famous Suslin Problem asked 
Ssdiether there is a non-separable linearly ordered space where families of pairwise 
disjoint open sets are at most countable and the still open Separable Quotient 
'i^opblem asks whether every infinite dimensional Banach space has an infinite 
lensional separable quotient. 

jmallness conditions for dense sets other than separability have also been 
considered. A space is called d-separable if it has a dense set which is the count- 
ffile union of discrete subsets. This property was introduced by Kurepa in his 
dissertation under the name of property Kq as part of his study of the 
Suslin Problem. The latter can in fact be restated to ask whether there is a 
(flj^i -d-separable linearly ordered space where families of open sets are at most 
^untable. d-separability has a much better behavior than separability: arbitrary 
ij^ducts of d-separable spaces are d-separable, and for every space X there is a 
«e*dinal k such that X K is d-separable. First, we will introduce a natural prop- 
€r4y called nwd-separability which is obtained by replacing discrete with nowhere 
'Uekse in the definition. Every d-separable space without isolated points is nwd- 
s^parable, and rtwd-separability shows a behavior which is somewhat close to 
Jffi^t of d-separability. 

new class of smallness conditions for dense sets has been introduced as part 
offijhe program known as selection principles in mathematics and attracted a lot 
of attention recently, see [5], [8], [H] or [27] among others. The general idea is 
that a small dense set can be obtained by diagonalizing over a countable sequence 
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of dense sets. In this way, one can define a selective strengthening of any of the 
properties we mentioned above: a space is D-separable [8] iff for every sequence 
{D n : n < uj} of dense sets there is a discrete set E n C D n for every n < u> such 
that U„< w E n is dense. We define iVW-D-separability as a selective version of 
niud-separability in a similar way and compare it with D-separability. 

We devoted most of our efforts to point out various differences between these 
properties and to construct a great wealth of examples. 

In Section [21 we introduce nwd-separability and start with pointing out some 
facts concerning products. We continue by proving that uj* x 2" is a compact 
space which is nwd-separable but not d-separable. The section ends with answer- 
ing a question of Tkachuk [3D] by showing that there is a Corson-compact space 
with non-d-separable square. 

Next, in Section [3J we begin to deal with selective versions of separability. We 
present a new construction of a countable M-separable, non- inseparable space 
which also serves as an answer to a question of Hutchinson [17]. We present 
a general framework to deal with selective separability properties and conclude 
that the class of Z?-and AW-^ Inseparable spaces are close under finite unions. 

In Section [4] our aim is to construct ZFC examples separating the newly 
introduced properties. We present an AWD-separable space which is not d- 
separable and countable, dense subsets of 2 C which are not TVMKD-separable. We 
finish by investigating some related cardinal invariants and answering several 
questions from [5]. 

Section[5]is devoted to show, by forcing, that even in the class of first-countable 
spaces, d-and D-separability (nwd-and AW -D-separability) can be different; com- 
pare this with the result that every separable Frechet space is M-separable [4]. 

Finally, in Section [6] we finish with some positive results: we prove that every 
monotone normal, nwd-separable space is Inseparable and show that the addi- 
tional assumption of compactness even yields a cr-disjoint 7r-base. The last part 
of the section deals with the question whether <t(2 Wi ) is inseparable. 

2. Non-selective properties 

We start by defining two natural weakening of separability. The first one has 
been studied extensively in the past. 

Definition 2.1. A space is d-separable (respectively, nwd-separable) if there are 
discrete (respectively, nowhere dense) sets {D n : n < uj} such that \J n<ul D n is 
dense. 

Arhangel'skii [TJ proved that arbitrary products of <i-separable spaces are in- 
separable. Juhasz and Szentmiklossy [21] proved that for every space X, the 
space X^*-" 1 is d-separable. Moreover, they proved that for every compact space 
X, the countable power X u is d-separable. However, the behavior of product 
spaces considering nwd-separability is much simpler: 

Proposition 2.2. If X is nwd- separable and Y is arbitrary then X xY is nwd- 
separable; thus finite products of nwd-separable spaces remain nwd-separable. 

Y[{X a : a < A} is nwd-separable for arbitrary spaces X a with \X a \ > 2 and 
infinite A. 
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Proof. Note that if E C X is nowhere dense then E x Y is nowhere dense in 
X x Y. Thus the first part clearly follows. 

Now, observe that X = Y[{X n ■ n G lo} is nwd-separable for arbitrary spaces 
X n with \X n \ > 2; indeed, fix some 2^ € X,; for i G cj and define D n = {y E X : 
(Vi > n)(y(i) = Xi)}. Note that P„ is nowhere dense for each n G ui and |J„ <W D n 
is dense in X. Now consider an arbitrary infinite product X = Y\{X a : a < A} 
and note that X is homeomorphic to a countably infinite product. □ 

Note that finite powers can be non nW-separable. A space is called an almost 
P-space if and only if every non-empty countable intersection of open sets has 
non-empty interior. 

Observation 2.3. Let X be a regular countably compact almost P-space. Then 
every meager set is nowhere dense in X; thus X is not nwd-separable. 

Proof. Fix nowhere dense sets E n C X for n G u> and a nonempty open V Q X . 
Construct a decreasing sequence of open sets U n C V \ E n such that U n +i C 
U n . Then C\ n euj U n — (~} neu] U n ^ by X being countably compact and thus 
there is a nonempty open U C Plnew ^» being an almost P-space. Thus 

U n Unew En = which show that U neu E n is not dense in V. □ 

Thus [uj*) n is not nwd-separable for n £ ui since every finite power of lo* is 
a compact, almost P-space. J. Moore [24] showed that there is an L-space, i.e. 
hereditarily Lindelof, non separable space, with a d-separable square. Thus, there 
are non ci-separable spaces with d-separable square. Todorcevic, [32], got the idea 
that the Ellentuck topology can show the same situation for nicd-separability, and 
his conjecture was correct: 

Example 2.4. The Ellentuck topology X = [u)] u is a first-countable, non nwd- 
separable space with nwd-separable square. 

Proof. Recall that the standard basis for the Ellentuck topology is 

{[a]:seH <u JeH u } 

where [s,X] = {Y G [uj]" : Y is an end-extension of s,Y \ s C X}. It is well 
known, though not trivial, that every meager set in the Ellentuck topology is 
nowhere dense; thus X is not nwd-separable. 

Let us construct a D Si t C X 2 for s,t G M <w as follows: for Aq,A\ G we 
say that Aq and A\ are merged iff for alii < 2 and n, m <E Ai with n < m there 
is k G Ai-i such that n < k < m. Let 

_D s t = {(A, P) G [s, uj] x [t,u;] : A \ s and P \ i are merged}. 

It can be easily seen that D s t is nowhere dense and that the meager set {J{D s t : 
s, t G M <w } is dense in X 2 . □ 

Our next aim is to show that d-separability and nW-separability are different 
properties even in the realm of compact spaces. 

Example 2.5. The space X — lo* x 2" is a compact nwd-separable space which 
is not d-separable. 
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Proof. Indeed, let D — {x n : n £ lu} be a countable dense subset of 2". Then 
Un< w w * x { x n} is a a- nowhere dense and dense subset of X. 

To see that X is not d-separable, suppose by contradiction that {D n : n < uj} 
is a countable family of discrete sets whose union is dense in X and let B = {B m : 
m < ui} be a countable base for 2", r be the topology of w* and ir : u>* x 2" — > cj* 
be the projection onto the first coordinate. Let 

D nm = Mz) : z £ D n A (317 £ r)((77 x B m ) n L>„ = {z})}. 

Then D nm is a discrete subset of ui* and lJ{Dnm '■ (n,m) £ u x w} is dense 
in bj* . But this contradicts Observation 12. 31 □ 

Recall that a space X is called a Corson compactum if it is compact and there 
is a cardinal k such that X can be embedded in E(R K ) = {x £ M K : |{a < k : 
x(a) 7^ 0}| < uj}. In (30| Tkachuk asked if the square of every Corson compactum 
is d-separable. We are going to show that Todorcevic's classical example of a 
Corson compactum is a counterexample to Tkachuk's question. 

Given a tree (T, <), we let T®T = {(s,t) : s,t e TAht{s) = ht(t)} and order 
T ® T as follows (s, t) < (s', i') if and only if s < s' and t < t'. 

Now fix a stationary co-stationary subset A of wi and let T be the tree of all 
countable compact subsets of A ordered by s < t if and only if s is an initial part 
oft. 

Theorem 2.6. (Todorcevic, [31j ) T ®T is Baire in the final parts topology. 

Let P(T) be the set of all paths in T with the topology inherited from 2 T . 
It is easy to see that P(T) is closed and thus P{T) is compact. From the fact 
that A is co-stationary it follows that every path is countable in T and hence 
P{T) C E(2 T ). Thus P{T) is a Corson compactum. 

Theorem 2.7. T/ie square of Todorcevic's Corson Compactum P(T) is notnwd- 
separable (hence not d-separable either). 

Proof. Given t £ T, we let Ut be the set of all paths passing through t. We note 
that {U s xU t : {s,t) £T ® T} is a 7r-base for P(T) x P(T). 

Now suppose that P(T) 2 has a dense set of the form \J n<u D n , where each 
D n is nowhere dense. 

Claim. W n = {(s, t) £ T ® T : (U s x U t ) D D n = 0} is open dense in the final 
parts topology on T ® T. 

Proof of Claim. To prove that W n is open, note that if (U s x Ut) fl D n — and 
(s', t') > (s, t) then we also have (U s > xU t ')f) D„ = 0. 

To prove that W n is dense, let (s,t) £ T ®T be arbitrary and note that 
(U s x Ut) \ D n is a non-empty open set, so we can find s' and t' such that 
Us' x [7 t / C (U a x U t )\TK. But then VK„ 3 (s',t') > (s,t). □ 

By the Baire property of T ® T we can choose (s, i) € Dn<tj W n , but then we 
see that (U s x C/ t ) fl (U n<[J -D„) = 0, which is a contradiction. □ 
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3. Selective properties 

The following properties are the first selection principles for dense sets to have 
been considered and were introduced in [28 a under a different name. 

Definition 3.1. A space is called M -separable (R- separable), if given a sequence 
{D n : n < lj} of dense sets there are finite (one-point) sets F n C D n such that 
Un<Lu F n is dense in X. 

The standard way of constructing a M-separable non- .R-separable space uses 
function spaces via the following theorem. 

Theorem 3.2 (j5j Theorems 21 and 57]). Let X be a Tychonoff Space. Then 
C P (X) is M-separable (R-separable) if and only if C P (X) is separable and X n is 
Rothberger (Menger) for every n < u>. 

Then it would suffice to take X = 2" in the above theorem. The Cantor set 
is, in fact, known to be Menger, but not Rothberger. Indeed, any Rothberger 
subset of the reals has strong measure zero. 

We would like to show an alternative, more combinatorial, construction of an 
M-separable non- inseparable space. We will use this example later to answer a 
question of Hutchison. 

Example 3.3. A countable M-separable non- R-separable space X. 

Proof. Let X = Fn(uj,uj;uj), that is the set of all finite partial functions from uj 
to lu. Provide X with the following topology. A basic neighborhood of the point 
F G X is a set of the form 

V(F, F) = {G G X :G D F A (V/ e F){Vn G dom G \ dom F)(G(n) ^ f(n))} 

where T £ [w CJ ] <w . 

Claim 1. X is not R-separable. 

Proof of Claim 1. Let D n = {F E X : n E domF}. Then D n is dense in X. 
Suppose by contradiction that we can find points F n G D n such that D = {F n : 
n < uj} is dense in X. Let / G uj u be the function defined by f(n) := F n (n). 
Then V(%, {/}) is easily seen to miss D. A 

Claim 2. Let D C X and k < u> be such that: 

Df)V{9,F) ^ for each Fe {oj") k . (1) 

Then there is a finite subset D' of D such that : 

D' n 1/(0, F) ^ for each F E [u"] k . 

Proof of Claim 2. For F E X let 

W(F) = {(fi, . . . f k ) E K) fc : VI < j < k (Vi < \F\) fj(i) ± F(i)}. 

Let T be the cofmite topology on to. Then T is compact, and W(F) is an open 
subset of the compact space (T fc )". 

By (P), the set {W(F) : F E D} is an open cover of (T LO ) k . So there is a finite 
set D' C D such that {W(F) : F E D'} covers (T u ) k . Then D' satisfies the 
requirements of the Claim. A 
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Claim 3. X is M -separable. 

Proof of Claim 3. Enumerate X x uj as {(F n ,k n ) : n < lu}. Using Claim 2 we 
choose, for each n < to, a finite subset D' n of the set {F E D n : F n C F} such 
that 

D' n n V(F n ,F) ^ for each F G [uf" . 

Then D = [j{D' n : n e uj} is dense. Indeed, if F G X and J" G <u , then pick 
new with F n = F and fc n = k. Then there is d G D' n C -D with d G V(F, F). 

A 

□ 

In [TS], Gruenhage, Natkaniec and Piotrowski say that a space X satisfies 
property (GC) if there is a disjoint, countable collection M of nowhere dense sets 
such that, for every non-empty open set U C X we have |{AGA/":?7nA = 
0}| < uj. In her PhD thesis [IT Hutchison proves that every space having a dense 
metrizable subset satisfies (GC) and that property (GC) is equivalent to having a 
cr-disjoint 7r-base in the realm of linearly ordered topological spaces. This notion 
is strictly intertwined with the notion of groupable dense set, which is the basis 
for another selective version of separability. 

Definition 3.4. A dense set D C X is called groupable if it admits a partition 
A = {A n : n < uj} into finite sets such that every open subset of X meets all but 
finitely elements of A. 

Definition 3.5. A topological space X is called (GiV)-separable (from Gerlits 
and Nagy) if for every sequence {D n : n < uj} of dense sets there are points 
d n G D n such that {d n : n < uj} is a groupable dense set. 

We say that X is H-separable if for each sequence {D n : n < uj} of dense sets, 
one can pick finite sets F n C D n so that for every nonempty open set O C X, 
the intersection O (1 F n is nonempty for all but finitely many n. 

GiV-separability was introduced by Di Maio, Kocinac and Meccariello [TTj 
under the name of selection principle Si(T>, T> 9P ) while iJ-separability was intro- 
duced by Bella, Bonanzinga and Matveev in [5]. 

Clearly, every space having a groupable dense set satisfies property (GC) , and 
actually, a space has a groupable dense set if and only if it satisfies property (GC) 
witnessed by a collection of finite sets. Hutchison asked if one could add (GN)- 
separability to this equivalence, for the class of countable spaces. As a partial 
result, she noted that in a space satisfying (GC) witnessed by a collection of 
finite sets every dense set is groupable. We are going to give a negative answer to 
her question. Actually, we can prove a bit more (see Figure 1 on the relationship 
the properties we defined above). 

Theorem 3.6. There is a countable, H-separable, non-R- separable space X. 

Proof. Let X be the space from Example 13.31 

Assume that {D n : n < uj} is a sequence of dense sets. 
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Figure 1. 

Enumerate X x oj as {(F m ,k m ) : m < oj}. Using Claim 2 from Example 
13.31 we choose, for each n < oj and m < n , a finite subset of the set 
{F € D n : F m C F} such that 

D™ n K(.F TO ,.F) ^ for each J" € [cj"] fem . 

Let D„ = U{A» : "» < »}• 

If (F, F) is a basic open set, F m = F and k m = \F\, then (F, F) n L>™ ^ for 
m <n, and so (F, J 7 ) n D m ^ 0. 

Thus X is -ff-separable. □ 

Definition 3.7. We say that a set X c 2" 1 is a uen/ strong HFC iff for each 
sequence {A n : n £ oj} of pairwisc disjoint, non-empty finite subsets of X there 
is /? < u>\ such that for all s 6 Fn(uji \ f3, 2; cj; oj) there are infinitely many n with 
A n C [s], where [s] — {x e 2 UJl : s C x}. 

The following proposition is straightforward. 

Proposition 3.8. A very strong HFC can not contain a groupable dense set. 

Theorem 3.9. In y Fn ^' JJXU ' 1 ' 2;u ' ^/j ere j s a coun table R-separable space without 
a groupable dense subset. 

Proof. If Q is the generic filter, then g = UQ is a function from oj x oj\ to 2. If 
you define, for n £ oj, the function x n S Wl 2 by the formula x n (ct) = g(n,a), 
then standard density arguments give that X = {x n : n £ w} is a very strong 
HFC which is dense in 2" 1 . □ 

In [16[ Example 3.2] Gruenhage and Sakai constructed a maximal R-separable 
space from CH, and it is straightforward that such a space also satisfies the 
requirements of theorem 13.91 

Question 3.10. (1) Is there a ZFC example of an crowded R-separable space 
without a groupable dense subset? 

(2) Is there a ZFC example of a (countable) GN-separable space with uncountable 
n-weight? 

To get a consistent example for Question 3.10 (2), any counterexample to Ma- 
lykhin's problem would do. Indeed, any countable Frechet-Uryson non-metrizable 
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group has uncountable 7r-weight and every countable Frechet-Urysohn space with- 
out isolated points is GN-separable, by [T6] . 

Our next goal is to analyze selective versions of <i-separability and nwd- 
separability. 

Definition 3.11. A space X is called D-separable (respectively, NW D -separable) 
if for every sequence {D„ : n < oj} of dense sets there are discrete (respectively, 
nowhere dense) sets E n C D n such that \J n<u , E n is dense in X. 

Observe that if X is D-separable (respectively, iVVFD-separable) then every 
dense subset of X is D-separable (respectively, -ZVVF D-separable) as well. Also, 
if X is D-separable (respectively, TVW-^D-separable) then it is also d-separable 
(respectively, nwd-separable). 

D-separability was already investigated in [TE| and [2J. Let us now introduce 
a general framework for dealing with selection principles for dense sets. 

Definition 3.12. For each topological space X, let Ax C V(X). We say that 
X is A-separable iff for each sequence {D„ : n G uj} of dense subsets of X there 
are A n E V(D n ) n Ax for n E uj such that IJ{A„ : n E uj} is dense in X. 

The formulation and the proof of the following result is based on |16 , Theorem 
2.2.]. 

Theorem 3.13. Assume that for each topological space X we have Ax C V(X) 
such that 

(a) Ax is an ideal, 

(b) if Z C X . then A z C\A X , 

(c) ifUcX is open, then A v = {A n U : A E A x }- 
Then the union of two A-separable spaces is A-separable. 

Proof. First we need some easy observations. 

Observation 3.14. If X is A-separable, and U C X is open, then U is also 
A-separable. 

Indeed, if {D„ : n E uj} are dense subset of U, then E n = D n U (X \ U) are 
dense subsets of X for n E uj, so there are sets A n E A with A n C D„ U (X \ U) 
such that A = \J{A n : n E uj} is dense in X. Let B n = A n D D n . Observe that 
B n E Au by (c). Since 1J{D„ : n E uj} = A n U, the set \J{B n : n E uj} is dense 
in U , which proves the Observation. 

We need the following lemma which corresponds to |161 Lemma 2.1]. 

Lemma 3.15. A topological space X is A-separable iff for every decreasing se- 
quence {D n : n E uj} of dense subsets of X , there are sets E n C D„ from Ax for 
n E uj such that 1J{D„ : n E uj} is dense in X . 

Proof. Let {C m : m E uj} be a sequence of dense subsets of X . For each n E uj. 
let D„ = lJ{C m : m > n} . The sequence {D„ : n E uj} is decreasing, so there 
are sets E n C D„ from Ax for n E uj such that 1J{D„ : n S ui} is dense in X 
. Let F m — C m n \J{E n : n < m}. Then F m C C m and F m E A x by (a), and 
U{F m : m < uj} = {J{E n : n < uj}, so U{i r m : m < uj} is dense. □ 
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Assume X = Y U Z, where Y and Z are A-separable. Assume that {D n : n £ 
us} is a sequence of dense subsets of X . By Lemma T3. 151 we can assume that the 
sequence is decreasing. 

Put U n = X \ Y n D n . Then {U n : n £ us} is an increasing family of open 
sets in X. 

Fix an n £ us. Clearly Z P\U n is dense in U n . Since U n is open, the subspace 
U n n Z of Z is A-separable. 

For > n, Z7 n H -Dfc C U n fl £>„ C Lf„ n 2 C f/„, so the set {/„ n is dense in 
Z n U n . Since Z n U n is A-separable, there are sets F n ^ k C J7 n fl D k from Az n( y n 
for > n such that U{F H) fc : k > n} is dense in [/„ . 

Since Aznu n C A^ by (b), we have {F„_fc : n < k < us} C Az- 

Now put F fc = {F n:k : n < k} for k £ w. Then Ffc C Dfc and F fc £ A z by (a) 
for k < u>, and Ul^fc : fc G a;} is dense in (J{^n : w G UJ }- 

Let V = X \ \J{U n :n£us}. For each n £ ui, D n n V C D„ \ [/„ C £>„ n F, 
soD„nVny is dense in V. 

Since YDV is A-separable by observation ^. 14[ there are sets G n C YP\VD D n 
with G n £ Aynv for n £ ui such that 1J{G„ : n £ us} is dense in Y n V, and so 
it is also dense in V. Since A^ U Ay C Ax by (b), we have F n U G n £ Ax by 
(a). Thus F n U G„ is a subset of -D n from Ax and U{F n UG„:ti£u} is dense 
in X. □ 

Corollary 3.16. (1) [5] The union of two D-separable spaces is D-separable. 
(2) The union of two NWD- separable spaces is N WD- separable. 

4. Examples in ZFC and related results 

The first part of this section deals with the construction of an TVI^D-separable 
space which is not d-separable. 

Given a cardinal k, we say that a 7r-base IA is K-deep iff for each decreasing 
sequence {U n } neK C U we have int(f) neK U n ) ^ 0. 

Lemma 4.1. For each infinite cardinal k, there is a crowded regular space of 
size 2 K which has a K-deep ir-base. 

Proof. We claim that a space with the claimed properties is 

x = s K (2 K+ ) = {/e2 s+ : irMni <«}, 

endowed with the k supported box product topology. 
If s £ 2 <K+ , then let B(s) = {/ € X : s C /}. Put 

U = {B{s) : s £ 2 <K+ }. 

Then U is actually a base of X. To show that W is deep, assume that (B(s n ) : n £ us) 
is decreasing. Then we have sq C si C . . . , and so s = Uugk s ™ ^ s a function, 
andi?( s ) cflne^Ov). □ 

Lemma 4.2. Assume that X has a us-deep ir-base. Then Y = X x Q is NWD- 
separable. 

Proof. We need two claims. 
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Claim 4.2.1. If S C Y is dense, then for each non-empty open U C X and 
p < q £ Q there is non-empty open V C U and p < r < q £ Q such that 



n r (S) d = {x G X : (x,r) £ S} 



is dense in V . 



Proof of the claim. Assume on the contrary that the sets n r (S) are nowhere 
dense. Enumerate (p,q) D Q as {r n : n £ u>}. Construct a decreasing sequence 
{C/ n }ne u C U such that U n n n rn (S) = 0. Then the set W = int(f) neu] W r J is 
non-empty. Thus S D (W x (p,q)) — 0, contradiction. □ 

Claim 4.2.2. // {S n : n < u} C Y are dense, then for each a non-empty open 
U C X there is non-empty open V C U and there is a sequence {r^ ■ n < oj} C Q 
such that 

[j {S n n {X x {r,^})} is dense inV X <Q>. (2) 

Proof of the claim. Enumerate the pairs {(p, q) : p,q £ Q,p < q} as {(pn,gn) : 
n < u>}. 

Construct a decreasing sequence of open sets Uq D U\ D Ui D . . . from U and 
distinct rational numbers r n such that 

(1) U C U, 

(2) r„ G (p n ,q n ), 

(3) ^^(Sk) is dense in U n ±%. 

The construction can be carried out by the previous claim. Then V = int(p\ nt - u U n ) 
works if we take r„ = r n . □ 

Let V be a maximal disjoint family of open sets in X such that every V £ V 
satisfies the requirements of the previous claim. Then 1J V is dense in X by the 
previous claim. 

Let 

A n = |J S n n (V x {r,V}). (3) 
vev 

Then A„ is nowhere dense because for V G V we have A n fl (V x Q) c X x {r^}. 
Moreover A = Unew ^™ ^ s dense, because An(VxQ) is dense in V x Q by ([2]) 
and 0. □ 

Example 4.3. There is an N WD- separable, but not d-separable space of size c. 

Proof. We show that if Y — X x Q where X is the space from Lemma 14. 1[ then 
Y is NWD-separable, but not d-separable. 

By Lemma \A. 2 1 the space Y is NWD-separable. 

If {D n : n G w} are discrete in y, then 

*r 9 (A0 d = {x G X : (a, g ) G £>„} (4) 
is discrete, and so nowhere dense in X for q G Q, n G u>. Since X has a w-deep 
7r-base, there is an open U C X with ([/ xQ)fl {Jne^ ® n = ^' an< ^ 80 Unew 
is not dense. □ 
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In Theorem 15.21 we show that it is consistent that 2" is large, but there is a 
TV inseparable non-D-separable space of size Hi. 

Question 4.4. Is there a NW D -separable non-D -separable space of size Hi in 
ZFC? Is there at least one whose size is bounded in ZFC? 

At least the first question seems to require techniques different from those of 
this paper. Indeed, a space having a w-deep subbase is Baire, and Shelah and 
Todorcevic [29] showed modulo the consistency of an inaccessible cardinal, that 
the existence of a Baire space of size Ki is independent from ZFC. 

Let us continue with another example: a countable, not NW D-sep&rahle 
space. The following result was proved in [8j using a direct construction; the 
D-forced technology of [2UJ can be used to give an alternative proof. 

Example 4.5. 2 C has a countable, dense, not NW D -separable subspace. 

Proof. By [20] Theorem 4.9] there is a countable, dense nodec subspace X of 2 C 
such that X can be partitioned into sub-maximal dense subspaces T> — {D n : n G 
to}, and X is V- forced, i.e. if D C X is somewhere dense, then D D D n n U for 
some n G u) and non-empty open set U. 

Then X is not NWD-separable. Indeed, if E n C D n is nowhere dense, then 
E = Ujiglj E n is not dense, because it can not contain any D n f]U. □ 

Example 4.6. There is an nwd- separable, but not d-separable and not NWD- 
separable space of size 2 2 . 

Proof. By Lemma 14. li there is a crowded regular space X of size 2 2 which has 
a 2 c -deep 7r-base. Let Y = 2 C with the product topology. 
We claim that X x Y has the required properties. 

Claim 4.6.1. X X Y is nwd- separable. 

Indeed, let D = {d n : n G cj} be dense in Y. Then S n = X x {d n } is nowhere 
dense in X x Y, but \J neui S n = X X D is dense in X x Y. 

Claim 4.6.2. X x Y is not d-separable. 

If {D n : n € oj} are discrete in Y, then 

n y (D n ) d = f {x € X : {x,y} G D n } (5) 

is discrete, and so nowhere dense in X for jG^nCw. Since X has a \Y |-deep 
7r-base, there is an open U C X with (U x Y) n {J n£uj D n — 0, and so {J n£uJ D n 
is not dense. 

Claim 4.6.3. X x Y is not NWD-separable. 

By [20] Theorem 4.9] there is a countable, dense nodec subspace T of 2 C such 
that T can be partitioned into submaximal dense subspaces D = {D n : n G lo}, 
and T is P-forced, i.e. if D C T is somewhere dense, then D D £>„ n V for some 
n G w and non-empty open set I/. 

Let E n = X x D n for n £ oj. We show that if F„ C £"„ is nowhere dense, then 
F = U„gw cannot be dense. 
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Let {Bi : i < c} be a base of Y, and fix a c-deep 7r-base U of X . 

By induction on n construct a decreasing sequence {U n : — 1 < n < lo} C U as 
follows. Let J7_i E U be arbitrary nonempty. Assume that U n -\ is constructed. 

By transfinite induction construct a decreasing sequence {U™ : i < c} C 
WnP([/„_i) such that for all i < C there is a non-empty V7* C Bi such that 

F n n (u? x vf) = 0. 

Since U is c-deep, there is a nonempty open U n C X such that E7 C f7™ for all 
i < c. 

Finally there is U E U such that [/ C U n for all n E ui. 

Since C/ C f7™, we have F„ n (f7 x ^ n ) = 0. Write K = U< c ^" and 
G„ = D n \ V n for n < ui. Then is open dense in Y and F n n (f/ x T4) = 0, so 

f»n((/xy)c(Jx g„. (6) 

Since G = Uriew ^ n cann °t contain V n D n for a non-empty open V, so G is 
nowhere dense in T because T is 2?-forced. But T is dense in Y, so G is nowhere 
dense in Y. Especially there is a nonempty open V with 1/ D G = 0. 

But then, by 

F n (?/ x v) = (J F n n (?/ x K) = (J (F„ n (c/ x y)) n (c/ x v) c 

[J (U x G„) n (17 x V) = (U x G) n (J7 x K) = U x (G n V) = 0. (7) 

so F cannot be dense, which was to be proved. □ 

Motivated by Example 14. 5[ one can define the following cardinal invariants: 

Definition 4.7. [S] Let 

ds = min{K : 2 K is not D-separable} (8) 

cos = min{K : 2 K contains a countable non-D-separable subspace}. 

We have cos < 2 U by Example 14.51 Moreover, as 

d = min{K : 2 K contains a countable non-M-separable dense subspace} 

was shown in [5], we also have o < cos. 

In [H] the authors proved that the space X 2d(X) is never D-separable. In par- 
ticular, if X is separable, then X 1 is not D-separable. This exponent appears 
far from optimal and we can in fact improve it for separable spaces; the next the- 
orem also solves Question 44 from [8] , while we note that an alternative solution 
to this question was provided in [2]. 

Theorem 4.8. If X is an separable space with \X\ > 2 then some dense subspace 
Y of X^ 1 is not d-separable; hence X" 1 is not D-separable for any separable X 
with \X\ > 2. Hence os = lu±. 

Proof. J. Moore in [53] constructed an L-space L = {f a : a < uj\} C w Ul such 
that 

\L fl [e] — lo\ for each finite function e E Fu(uji,uj;uj). (9) 
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Let D = {d n : n < lj} be dense in X. 
For a < lui define y a 6 D Ul as follows: 

Va[P} \d if p>a. [ ' 

Let Y = {y a : a < loi}. 

Then Y is dense in X Ul by ©. Moreover, if D C Y is discrete, then D is 
countable because L is hereditarily Lindelof and the map f a — > y a is continuous. 
So Y is not d-separable, because d(Y) = uj\ by (fTU| . □ 

However, the following remains open: 
Conjecture 4.9. The space X d ( x ^ + is never D-separable. 

The next corollary solves Question 45 from [8]: 
Corollary 4.10. MA + -^CH implies os < cos. 

Proof, os = Hi is true in every model of ZFC. Since u < cos and = c in every 
model of MA the statement of the corollary follows from the failure of CH. □ 

The authors of [5] ask what is cos? Up to this point it was even unknown 
whether cos could consistently be less than the continuum, so the following the- 
orem may be considered a partial answer to Question 43 of [8]. 

Theorem 4.11. If cof(M) = uj\ then 2 Ul has a countable dense subspace which 
is not N WD -separable. So cos = ui\. 

We recall some definitions from [20 . 
Let S be a set, and 

B={(B c ,B c 1 ):C</i} 
be a family of partitions of S. We say that B is independent iff 

B[e] d = {~\{Bf° : C £ dome} ^ 

for each e £ FnQi, 2\u>). B is separating iff for each {a, /3} € [S~\ 2 there are 
( < and p ^ v < 2 such that a £ B^ and j3 e B%. 

We shall denote by tb the (obviously zero-dimensional) topology on S gener- 
ated by the subbase {B®,Bj- : £ < p}, moreover we set Xm = (S, tb). Clearly, 
the family {B[e] : e £ Fn(/i,2;uj)} is a base for the space Xn. Note that X^ is 
Hausdorff iff B is separating. 

Observation 4.12. Let A be an infinite cardinals. Then, up to homeomorphisms, 
there is a natural one-to-one correspondence between countable dense subspaces 
X of D(2) X and spaces of the form X^ — (cj,tb), where B = {(B®,B^) : £ < A} 
is a separating and independent family of 2-partitions ofui. 

Proof of Theorem \4-H\ By the Hewitt-Marczewski-Pondiczery Theorem, p4j The- 
orem 2.3.15], there are partitions 

{(F J ':j<w)}u{(B£:i<2):C<Wi} 
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of uj such that 

B= {(Bl :i<2):C<Wi} 

is separating and 

F j nB[e]^0 (11) 
for all j S us and e £ Fn(u>i, 2; w; w), We can assume that 

\fx ^ y e us 3n< us (x £ B° Aye B^.) (12) 

Next, let us fix any partition {/„ : uj < v < usi} of u>i \ uj into uncountable 
pieces with v n I v = and then by transfinite recursion on uj < v < uj\ define 

• sequences (A^ : k < ui) for a e J„, 

• partitions (C°,C3) of us, 
such that the inductive hypothesis 

Ve G Fn{usx,2;uj) Vj < us\F j nM u [e}\ = us {(j) v ) 

holds, where 

M„ = {(C°,C 1 a ):uj<<T<v}u{(B° a ,B 1 a ):<J€ujU(uj 1 \v)y 

Note that (4> v ) simply says that every set F 7 is dense in the space Xs u . We 
shall then conclude that C = B Wl is as required. 

Let us observe first that (cjs^) holds because (fTTj) holds and B[e] = B w [e]. 

Clearly, if v is a limit ordinal and (c/)q) holds for each ( < v then (<p v ) also 
holds. So the induction hypothesis is preserved in limit steps. 

Now consider a v < us\ and assume that (<p u ) holds. 

Let 

C° u =B u u\jAi; Cl=Bl\\jAi; (13) 

and let 

K = {(ClCl) : uj < a < v) U {(B°,Bl) : a e us}, 

and consider the space Y v — (uj, tw\- Clearly Y v is homeomorphic to Q, 
Let 

A„ = {(Ai : i < uj) : Ai C Fi, Ai is nowhere dense in Y v }. (14) 
If A = (Ai : i < uj) and A' = (A[ : i < uj) arc from A„ let A -< A' iff A t C A\ for 
each i < uj. 

Frcmlin (see [3j Theorem 1.6] ) proved that 

cof(M) = cof(nwdq), (15) 

where nwdq is the family of nowhere dense subsets of Q. 

Since the disjoint union of us copies of Q is homeomorphic to Q, we have 

co/(A„, -<) = cof^nwdq) = cof(M) = u>\. (16) 

Let {A a : a e I u } enumerate a cofinal subset of A„. Write A a — (A % a : i < us\. 
We have to show that (</v+i) holds. 

Assume, indirectly, that for some j < us and e £ Fn(uji, 2; us) we have 

Fj nB„+i[e] - 0. 

Fix a < v with u E I a . 
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Let 77 = e \ a. Since (A\, : i < ui) G A CT , the set A J V was nowhere dense in Y a , 
i.e. there is rj' G Fn(a, 2;w), 77' D 77, such that 

W a W]nAi = V>. (17) 

But 

B , er [r / T=B„[» 7 , ]=B w+1 [t ? '] 1 (18) 

so 

(Fi \Al)n B„ [77' U e] = F 3 n B„ [77' U e] ^ (19) 

by (</>„). Thus 

F J n B^+i [e] D F' n B v+1 [77' U e] D (F J \ Aj) n B^?/ U e] ^ 0, 
contradiction; the relation in the middle follows from the fact that (F 3 \ Al)<~)Cl = 

{P\Ai)r\Bl 

Finally we show that the sequence (F J : j < cj) witnesses that Xc is not NWD- 
separable. Assume that E{ C F l is nowhere dense; being nowhere dense is 
witnessed by a dense open set which, in turn, is the countable union of basic 
open sets. Thus there is a < 0J\ such that Ei is nowhere dense in Y a for all i < Li. 
Then there is v G I a such that Ei C A\, for i < u. 

Then \J{Ei : i G uj} C \J{^1 : « G cj} C C°, i.e. \J{Ei : i G uj} is not dense 
because it does not intersect C*. □ 

The following figure summarizes the (trivial) implications between separation 
properties we considered in this section. The labels of the arrows indicate the 
examples showing that the implications cannot be reversed. 

Examplc [4.3l 

D-separable > NWD-separable 



Examplc l4.5l 



Example 14.51 and 14.61 



Examples [2751 l4~3l and H~6l 

d-separable > nwd-separable 



Figure 2. Separation results in ZFC 

We will get further consistency results in the next section, however following 
question remained open. 

Question 4.13. Is there a d-separable, NWD-separable, non D-separable space 
in ZFC? 

5. IN THE CLASS OF FIRST-COUNTABLE SPACES - FORCING COUNTEREXAMPLES 

In [4] Barman and Dow proved that every separable Frechet space is ./In- 
separable. In [IB] G. Gruenhage and M. Sakai observed that separable Frechet 
spaces are i?-separable. The aim of this section is showing that no theorem of 
this kind can be proved in the context of d-separability (nwd-separability) and 
D-separability (iVVFD-separability) , not even if one replaces Frechet with first- 
countable. 

First, let us start with a lemma. 
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Lemma 5.1. Suppose that we fixed some ideal Ax for each space X as in Theo- 
rem \3.13[ If X = U neul A n for some A n € Ax then MA^^ X ){countable) implies 
that X is A-separable. 

Proof. We fix a 7r-base B of X of size ir(X) and a sequence of dense sets D n C X. 
Let us define D B = {p € C : 3n e dom(p) : D n n A p( „) n B ^ 0} for B e B where 
C denotes the Cohen poset; note that each Db is dense in C. Consider a filter 
G C C which is generic to {Db '■ B e B}; this exists by M A 7T ^x)( c °untable) . Let 
g = UG and define E n — D n n ^ s ( n ) € Ax- 

We claim that Unew ^™ ^ s dense in X. It suffices to show that for every B E B 
there isngu such that B C\ E n . As G (~1 Z?s ^ 0, there isneu such that 
Ag( n ) n L>„ n B ^ 0; that is E n n B ^ 0. □ 

An uncountable space A is Luzin iff every nowhere dense subset of X is count- 
able. We continue by our main theorem: 

Example 5.2. It is consistent that there is a left- separated in type wi, first 
countable, O-dimensional Hausdorff space of size OJi such that X has a partition 
X = Z U T U Y into dense uncountable subspaces such that 

(1) T is D-separable; 

(2) Y is N WD -separable, but not d-separable; 

(3) Z is Luzin, so it is not nwd- separable. 

Moreover, 

(4) T U Z is d-separable but not NWD -separable. 

(5) Y U Z is nwd- separable, but not d-separable and not NWD- separable. 

(6) TUY is d-separable, NWD- separable, but not D-separable. 



TUY 
Y 





D-scparablc 


1 — i > 


NWD-scparablc 










TU Z 












YUZ 




d-separable 


1 T-* 


nwd-scparablc 





z 



Figure 3. 



Proof of Theorem \5.2\ First we show that (4)-(6) follows automatically from (1)- 
(3): 
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(4) T is a dense, D-separable subspace of T U Z, so T U Z is d-separable. Z is a 
dense, not nwd-separable subspace of TUZ, so TUZ is not NWD-separable. 

(5) Y is a dense, NWD-separable subspace of Y U Z, so Y U Z is nwd-separable. 
Z is a dense, not nwd-separable subspace of Y U Z, so Y U Z is not NWD- 
separable. 

Assume that {F n : n £ are discrete subspaces of Y U Z, and let F = 
UI-Fji : «■ £ w}. Then F„ n Z is discrete, hence nowhere dense and so 
countable. Thus F n Z is countable. Since X is left-separated in type Wi, it 
follows that FC\Z is nowhere dense. But Y is not d-separable, so X ^ F n Y. 
Thus X ^ F, i.e. Y U Z is not d-separable. 

(6) T U Y is the union of two NWD-separable spaces, so it is NWD-separable 
by Theorem 13. 161 T is a dense, D-separable subspace of T U Y, so T U Y is 
d-separable. Y is a dense, not d-separable subspace of Y U Z, so Y U Z is not 
D-separable. 

Now we define a poset Q which has property K, thus ccc, and forces a left- 
separated, first countable, O-dimensional Hausdorff topology on the set X = 
LJi x (uj + 1) such that X has a partition X = Z U T U Y into dense uncountable 
subspaces with the following properties: 

(A) T is er-discrete, 

(B) Y is CT-nowhere dense and s(Y) = cj, i.e. every discrete subset of Y is 
countable, 

(C) Z is Luzin. 

We will do this in such way, that a condition p £ Q will be a finite approximation 
of a countable neighborhood base. 

For i < 2 let lj = {n £ w : n = i mod 2}, and let I2 = {w}. The underlying 
set of T, Y and Z will be wi x I , ojx x 7i and u>i x 7 2 , respectively. 

We will use the following notations: if x = (a, k) £ X let 

![a,a;i) x [k + l,ui\\J{x} if fc £ J 0) 
[a,wi)x iffc£/i, (20) 

[a,wi) x [0,w] if fc £ 7 2 , 

see Figure 4. 

Let Q consist of the following conditions 

such that 

(Q-a) I p £ [oji x(lu + 1)] <w and 

(Q-b) x £ U p (x, j) cI p nQ x for all x e I p and j < n p . 

If p, g £ <Q> let q < p iff 

(Q-i) 7 p C J9, n p < n« and j) C f/«(ac, j) for all z £ F and j < n p : 

(Q-ii) C/ p (a;,j) C U p (y,k) implies J7 9 (x,j) C U q {y,k) for all x,y £ I p and 

j, < n p , 

(Q-iii) C/P(a;, j) n J7 p (?/,fc) = implies U q (x,j) n = for all x : y E I p 

and j, k < n p . 
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Figure 4. 

If G is a generic filter in Q then let 

U G (x,j) = {U p (x,j):peG,x G P,j < n p } (21) 

for any x G X and j < u. Let B (x) = {U (x,j) : j < oj} for x G X. 

Lemma 5.3. [J{B G (x) : x G X} forms a base for a Hausdorff, 0- dimensional 
topology t g on X , such that B G (x) is a countable neighborhood base for the point 
x G X. X is left separated in type uii . 

Proof. The statement follows from standard density arguments; for details we 
refer to Q15]. □ 

Let E n = uji x {n} for n G u>. The next lemma follows from easy density 
arguments as well: 

Lemma 5.4. (a) The subspace E n is discrete in X for n G Iq; hence T is a- 
discrete. 

(b) The subspace E n is nowhere dense in Y for n G I\; hence Y is a -nowhere 
dense. 

(c) wj x {u>} is dense in X. 

(d) If N C lo is infinite then w\ x N is dense in X. 

Denote 7r the projection from wi x (w + 1) onto oj\, i.e. n((a, n)) = a. 

Definition 5.5. We say that the conditions p and q are twins iff n p — n q , 
|7r[/ p ]| = |7r[/ 9 ]| and denoting by a the unique <-preserving bijection between 
7r[J p ] and n\I q \ we have 

(1) 7t[I p ] n n[I q ] < tt[Ip] \ n[I q ] < ir[I q ] \ tt[I p ], 

(2) using the notation o~*((a,n)) = {cr(a),n}, 

(i) I q = a*[IP], 

(ii) U q (a*{x),i) = a*[U p (x,i)} for x £ I p and i < n p . 
We say that a* is the twin function from p to q. 

The following lemma is rather technical although it will be essential in finishing 
our proof. We encourage the reader to skip the proof of Lemma l5.6l at first read 
and see its applications in what follows. 
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Lemma 5.6. Assume that p and q are twin conditions, n' p = n q = n, and a* is 
the twin function from p to q. 

(i) If u G I p fl (u>i x Ii), then there is a condition r < p,q such that 

a*(u) G p| U r (u,£). (22) 

KnP 

(H) If 

(a) r < p, I r — I p , n r = n + 1, U r (x, i) — U p (x 1 i) for i < n and U r (x 1 n) — {x} 
for each x G I r . 

(b) s<r such that Tr[I s ] < n[I q \ I p ], 

(c) u G (I p \I q ) n (wi x I 2 ), and v E U s (u,n), 
then there is a condition t < s,q such that 

a*(u)G f) U\v,i). (23) 

i<n s 

Proof, (i) Define r — (I r ,n r , (U r (x 1 j) : x e I r ,j < n r )) as follows: 

• r = Pu/«, n r = n p = n q . 

• if x = (a, n) s I r , let 

' U p {x,j)(JU q {x,j) ilxeI p C\I q , 

I U p {x,j) U {a*(u)} iixel p \l q and u G U p (x,j), 

y,J > | U p (x,j) tfxel p \l q and u ^ C/P(x,j), 

U q (x, j) if x G I q \I p . 

It is clear that r satisfies (Q-a). If (Q-b) fails then U r (x,j) <jt Q x for some x G I r . 
Since p and q are twins, the only possibility is that U r (x,j) — U p {x 1 j) U {cr*(u)} 
and cr*(u) £ Q x . But u G Q x , so the only possibility is that x = u. But 
u G <j0\ x 7i, so o-*{u) G Q u - So r satisfies (Q-b) as well. Hence r G Q. 

To show q < p,q, first remark that (Q-i) is trivial by the construction. 

(Q-ii) can be easily seen to hold since U p (x,j) C U p (y,k) iff U q (a*(x), j) C 
U q (a*(y), k) as p and q are twins. 

To check (Q-iii) assume first that x,y G I p and U p (xJ) n U p (y,k) = 0. We 
can assume that u £ U p (x,j) and so a*(u) ^ U r (x,j). Thus 

U r (x,j)nU r (y,k) c 

(U p (x,j)UU q (a*(x),j)) n ([/ p (y,fc)UJ7 9 (CT*(y),fc)). (24) 
But p and q arc twins, and so U p (x,j) D U p (y, k) = implies 

(U p (x,j)UU q (a*(x),j))D(U p (y,k)UU q (a*(y),k)) =0 (25) 

as well. 

Thus r and p satisfy (Q-iii), and so r < p. 

Now let x,yeU q such that U q (x,j) n C/«(y, fc) = 0. 

Pick G I p with = x and a*{y') = y. 

Assume that a*(u) £ U q (x,j). Then a*(u) £ U r (x,j). Thus 

U r (x,j)nU r (y,k) c 

(U q (x,j) U E/V,j)) n (U q (y,k) U t^(i/',fc)). (26) 
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But p and q are twins, and so U q (x,j) D U q (y, k) = implies 

CT(x,j) n U r (y,j) C (t/ 9 (x, j) U U p (x',j)) n (^(y,fc) U E/V> fc)) - (27) 
as well. 

Thus r and <; satisfy (Q-iii), and so r < q. 
So we proved r <p,q. 

Finally cr*(u) G U r (u,£) for £ < n p is clear from the construction. This proves 

Ml})- 



Define i = (7*,n.*, (JJ t {x,j) : x E P,j < n')) as follows. For x G I s and j < n s 
let 

F(x, j) = lJ{t/ 9 M) -zePfM\i< n p ,U s (zJ) C £/ s (x,j)}, (28) 

and 

PF(x ?) = I { cr *(")j' if 1/8 (M) c ^O-i) for some * < nS ; C29) 
1 '-^ [0 otherwise. V ; 

Let 

(a) P = I s U7 9 , n* = 

(b) For x E P and j < n* let 

C/ s (2;,j)uy(i,j)UW(a:,j) if x G I s , 
E^(a;,j)=^ C/ 9 (x,j) if a; G I 9 \ I s and j < n q , 

{x} if x E I 9 \ I s and n q < j < n l . 

(30) 

Clearly i satisfies (Q-a). 

Assume on the contrary that if G ?7*(x, j) \ Q x witnesses that (Q-b) fails. 
Since <r*(u) G E u , we have w ^ a*(u). 

So w E V(x, j) \ J7 s (x, j) C ^(x, j) \ /p. Pick io' G IP \ 79 with ct*(w') = w. 
There is z G I p n I 9 and I < n p such that w G U q {z,l) and t/ s (z,f) C £/ s (x, j). 
Thus x £ I p \I q , and so x ^ w' . Thus w' G C U s (z,£) C £/ s (x,j) C 

implies «; = er*(u/) G Q^. This contradiction shows that (Q-b) must hold. Thus, 
we proved that t G Q. 

Check t < s,q. (Q-i) is trivial. 

(Q-ii) holds for t < s, because the construction is "monotone" in (|28|) ([30]> . 
(Q-ii) also holds for t < g because if U q (x,j) C U q (y 1 k) then it is not possible 
that x G I p nl q and y G I q \I p , so we can use that the construction is "monotone" . 

Now check (Q-iii) for t < s. So let U s (x,j) n t/ s (y, fc) = 0, and assume on the 
contrary that f7*(x,j) fl U t (y 1 k) ^ 0. Since p and g are twins, we have 

(C/ S (x, j) U V(x, j)) R (C/ s (y, fc) U y (y, fc)) = 0. (31) 

Indeed, assume that w G (U s (x,j) U V(as,j)) n (U s (y,k) U V(y,fc)). Since 
V(x,j) fl I s C U s (x,j), we can assume w E I q \ I p , i.e. w G V(x, j) fl V(y,k). 
Then tr*" 1 ^) G £/ s (x, j) n t/ s (y, fc). Contradiction. 

So, by (JHU, £7*(x,j) n C/*(y,fc) ^ implies cr*(u) G U\x,j) n U\y,k). Since 
u,v ^ U s (x,j) fl U s (y,k), we can assume that 

cr*(u) G W(x, j) and cr*(u) G F(y, fc), (32) 
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SO 

U s {v,i) C U s {x,j) and u G U s (z,£) C U s (y,k), (33) 

for some i < n s , z E I p P\ I q and £ < n p . 

So II s (z,£) n U s (u,n) ^ 0. Thus s <r implies £/''(z,f) n U r (u,n) ^ 0, that 
is u G U r (z,£). But t/ r (u,n) = {u}, so t/ r (w,n) C U r (z,£). Thus t/ s (u,n) C 
II s (z,£), and sow G J7 s (u,n) C t/ s (z,f) C U s {y,k). Thus u G U s (x,j)r\U s (y,k). 
Contradiction, thus C/*(x, j) n J7*(j/,fc) = 0. 

Finally check (Q-iii) for t < q. So let U q (x,j) n J7 9 (y, fc) = 0. 

We should distinguish three cases as follows. 

If x, y G I p CM q , then x,y £ I s . As U p {x,j) n £/ p (y, fc) = and s < p, we have 
that II s (x,j) n J7 s (y, fe) = 0. We have just verified that (Q-iii) holds in this case. 

If i, j/ G then [/ 4 (x,i) = U q (x,j) and C/*(y,fc) = U q (y,k), so (Q-iii) is 

trivial. 

Finally let x E I p H I q and y e I q \I p . Then 

E/*(a:,j)nl7*(!/,A0 = (£/ s (z, j) U T/(x, j) U j)) n U q (y, k) (34) 

Let y' = a*~ l {y) e I p \ I q . Then U p (x, j) n U p {y',k) = 0, and so C/ S (a;,j) n 
£/ s (?/', fc) = 0. Since U q (y, k) n I s C t/ p (?/, fc) C I s (y', fc), we have 

[/ s (x,j)nl^(y,fc) = 0. (35) 

If U s (z,£) C f/ s (a;,j), then U s {x,j) n U s (y',k) = implies that t/ s (z,£) n 
U s (y',k) = 0, and so t/ p (z,f) n U p {y',k) = 0. Thus f7«(^,£) n f7 9 (y,fc) = 0. 
Hence 

V(x,j)nU"(y,k) = <i. (36) 
Assume that W(x,j) = {a*(u)}. Then U s (v,i) C U s (x,j) for some i < n s . 

Thus C/ s (M,n) n U s (x, j) ^ 0, so U r (u,n) n C/ r (a;, j) ^ 0, so it G ?7 p (x,j)- Thus 

u £ U p {y'k) and so a*{u) £ U q (y,k). 
So U t (x,j)nU t (y,h) = & 

Thus t < s,q and cr*(u) G Hi<n s ^*( w > holds as well. 

□ 

Lemma 5.7. Q /ias property K. 

Proof. If (p a : a < wi) C Q, then by standard A-system arguments we can find 
an uncountable I C u)\ such that p a and p^ are twins whenever a < (3 E I . So 
p Q and pp are compatible by Lemma 15.61 □ 

Lemma 5.8. If m G I\ then E m does not contain any uncountable discrete 
subspace; in particular, s(Y) = oj. 

Proof. Assume that p lh "A = {±<j : C < w i} G [i? m ] Wl is discrete". For each 
C < lui pick a condition p^ which decides the value of x^ and 

p c lh U(x c ,k c ) ni = {x c }. (37) 

We can assume that the elements {x^ : £ < lo\} are pairwise different, x^ G I Pc 
and k^ = k < n p < . 

By standard A-system arguments we can find C < £ < ^i such that p^ and p^ 
are twins, and a*(x^) = X£, where a* is a the twin function. 
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Then, by Lemma [5.61 part (i), there is a q < pq,P^ such that <j*(xq) = x^ £ 
r\e <n "i uq ( x C^) and so 

q Ih {x c ,X(:} C U G (x ( ,k) ni. (38) 
This contradicts the choice of the neighborhoods which finishes the proof. □ 

Lemma 5.9. Every uncountable subset A of Z is somewhere dense in X . In 
particular, Z is a Luzin subspace of X. 

Proof of Lemma \5.9l Assume p h A = {a^ : C < ^1} C E u . 

Pick conditions {pq : Q < ui}, and ordinals {a^ : ( < C Wi such that 
PC 1 1 = ( a Ci ty- We can assume that 

(i) if C < £ < then and are twins, so n p < = n. 

(ii) a c € /Pc \ /p« for £ ^ C- 

(iii) ^(a^) = &£, where cr^ ^ is the twin function from p^ to p^. 

Let r < p 0) I r = I pa , n r = n+1, U r (x,i) = U Po (x,i) for i < n and U r (x,n) = 
{x} for x G I r . 

Claim 5.9.1. r Ih n {a c : C < Wi}" is dense in U G (a ,n) ". 

Indeed, assume that s < r such that s Ih v e U G (ao, n), i.e. u 6 J7 s (ao,n). 
Pick £ < wi such that tt[/ s ] < 7r[F« \ 

Then, by lemma [5751 there is a condition £ < s,p^ such that 

a e e fl U\v,i). (39) 

i<n s 

Thus 

ill- in fl U G (v,i) ^0. (40) 

«<n s 

Since s and w were arbitrary, we proved the claim, and so does the lemma. □ 

Now let P = Q x C^,, , where C U2 is the standard poset adding L02 many 
Cohen-reals. 

Let G = Go x G\ be a generic filter in P, such that Go is generic in Q. Consider 
the space X Ga = (u x x (uj + 1),t Go ). Since V[G] = V[Gi][G ], it follows that X G ° 
and the corresponding T, Y and Z satisfy (A)-(C). However V[G] = V[G ][Gi\ 
as well, so MA LJl (countable) also holds. 

We claim that T is -D-separable; indeed, T is er-discrete, w(T) = uj\ and 
MA Ul (countable) holds hence Lemma 15. II implies that 

(D) T is D-separable. 

Similarly, since Y is cr-nowhere dense, w(T) — uj\ and MA Wl (countable) holds, 
Lemma 15 . 1 1 implies that 

(E) Y is NWD-separable. 

Finally observe that (A)-(E) imply (l)-(3). This finishes the proof of the theo- 
rem. □ 
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6. MONOTONICALLY NORMAL SPACES - POSITIVE RESULTS 

Barman and Dow's aforementioned result suggests that convergence properties 
have some influence on selective versions of separability. In this section our hrst 
aim is to prove that nwd-separability and D-separability are equivalent in the 
class of monotonically normal spaces. This result exploits a weak convergence 
property which is satisfied by all monotonically normal spaces. 

Definition 6.1. ( 13 ) A space X is called discretely generated {nowhere densely 
generated) if for every set A C X and every point x £ A there is a discrete 
(nowhere dense) D C A such that x £ D. 

The property of being discretely generated (nowhere densely generated) is 
called discrete tightness {nowhere dense tightness) by Bella and Malykhin in [7]. 
Of course every crowded discretely generated space is nowhere densely generated, 
but the converse doesn't hold, as the following example shows. 

Example 6.2. There is a nowhere densely generated space which is not discretely 
generated. 

Proof. Let X be the set of all countably supported functions in 2 Ul with the 
countably supported box product topology, and Y be any countable non-discretely 
generated space (for example, a countable maximal space). We claim that 1x7 
is the desired example. 

Claim 1. Every meager set is nowhere dense in X. 

Proof of Claim 1. Let {N n : n < uj} be a countable family of nowhere dense 
sets in X, a £ Fn(u)i,2,uji) and define [a] := {/ £ X : f D a}. Since N is 
nowhere dense, the set [a] \ Nq is non-empty, and thus we can find a countable 
partial function gq d a such that [o~o] C [a] \ Nq. Suppose we have constructed 
an increasing sequence of partial functions {at '■ k < n}. Since N n +\ is nowhere 
dense we can find a partial function cr n+ i D a n such that [<t„+i] C [a] \ N n +i- 
Let auj = Un<w °™> w hich is a countable partial function since {a n : n < lu} is 
a sequence of compatible countable partial functions. Then [a^] is a non-empty 
open set contained in [a] and disjoint from lj n<w N n . This shows that [a] cannot 
be contained in \J n<u] N n and thus this latter set is nowhere dense. 

A 

Claim 2. The space X is discretely generated. 

Proof of Claim 2. Note that the character of a point x G X is equal to Ni. Let 
A C X be a non-closed set and x e A \ A. Since X is a P-space we can fix a 
decreasing local base {U a : a < Hi} at x. For every a < Hi pick x a £ U a C\ A. 
Then S , = {x Q ,:a<Hi} converges to x. US had another accumulation point 
y ^ x, then, since X is a P-space, every neighbourhood of y should hit S into 
uncountably many points. But that contradicts convergence. So S is a discrete 
set such that x £ S. A 

The space X x Y is not discretely generated because it contains a homeomor- 
phic copy of Y. Let A C X x Y and {x, y) £ A. 
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Let {y n : n < uj} be an enumeration of the set Try (A) and set P n = {z G X : 
(z, y n ) G A}. Moreover define B C Y to be the set 

B = {Vn ■ X G ~K}. 

Claim 3. The point y is in the closure of B. 

Proof of Claim 3. Suppose that this is not the case and let V be a neighbourhood 
of y which misses B. Let S C uj be the set such that V D tty(A) = {y n : n G 
S}. For every n £ S 1 we have that a; ^ P n , and thus we can find an open 
neighbourhood U n of x such that J7„ R P n = 0. But then (n„< w ^n) x V is a 
neighbourhood of (a;, y) which misses A and this is a contradiction A 

Let T C uj such that J5 = {y n : n G T}. For every n G T we have that a; G A„, 
so, by Claim 2, there is a discrete D n C such that a; G -D„. Now since X is 
dense-in-itself and D n is nowhere dense, by Claim 2 we have that UneT ^« ' s 
nowhere dense. Thus the set N := [J neT D n x {?/„} C A is also nowhere dense 
and it is easy to see that (x, y) G N. This proves that X x Y is nowhere densely 
generated. □ 

These convergence-type properties are very useful in our context and this is 
apparent from the following fact. 

Fact 6.3. Every separable discretely generated (nowhere densely generated) space 
is D '-separable (NW D -separable). 

Of course, we would be happier to obtain a relationship between d-separability 
and £>-separability, but unfortunately, we already saw that there can be even 
first-countable, <i-separable spaces which are not /^-separable, so there is no way 
to simply replace separability with d-separability in Fact 16.31 Another approach 
would be to try and strengthen discrete generability to something more suitable to 
our purposes. This amounts to nothing more than replacing points with discrete 
sets: 

Definition 6.4. A space is discretely discretely generated (in short, DDG) if for 
every set A C X and every discrete set D C A there is a discrete set E C A such 
that D cE. 

Fact 6.5. 2 Every discretely discretely generated d-separable space is D-separable. 

The authors of [2] proved that every monotone normal space is DDG; hence 
monotone normal, d-separable spaces are D-separable. We need the following 
closely related result: 

Lemma 6.6. Let X be a monotonically normal space, A C X be a dense set and 
N C X be nowhere dense. Then there is a discrete set D C A such that N C D. 

First Proof. Let U be a maximal system of pairs (x,U) G A x tx such that 

(1) x G U C X\ N, 

(2) (x, U) ^ (a:', U') G U then H 2 {x, U) Pi H 2 (x' ', U') = 0. 
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Let D = {x : (x, U) eU}. Clearly D C A is discrete. 

We show JV C D. Let y G JV. Assume on the contrary that y G W G tx with 
WDD = 0. 

If (a;, £7) G W, then y^C/cX\iVanda;^VFso 

H(y,W)nH(x,U) = fr (41) 

Let y C H(y, W) C I \ JV be open and pick zeAnV. Then z ^ H(x, U) and 
a; £ V. Thus 

ff(2,V) r\H 2 (x,U) = 0. (42) 

Thus W was not not maximal because U U {(z,V)} also satishes (1) and (2). 
Contradiction. □ 

Second Proof. Suppose you constructed open sets {U a : a < /?}, points {x a : 
a < (3} C A such that: 

(1) x a e C/q,. 

(2) U a C\N = $. 

(3) {ff^a, ?7 Q ) : a < /?} is a pairwise disjoint family. 



If JV ^ Ui^X^aj^a) then use the fact that A is dense to choose 
xp £ A \ {J{H(x a , U a ) : a < 0} such that Xp N. Now choose a neighborhood 
U a of x a such that U a n JV = 0. 

Let 7 be the least ordinal such that JV C lJ{if(x Q , i7 Q ) : a < We claim that 
D = {x a : a < 7} is the required discrete set. Indeed, suppose by contradiction 
that there is y G N\{x a : a < 7}. We have i?(y,X\{x a : a < /3})nH(x T , U T ) 
for some r < (3. So either x r G X \ {x a ■ a < 7} or y G f/ T , but both lead to a 
contradiction. □ 

Theorem 6.7. Every monotonically normal, nwd- separable space is D -separable. 

Proof. Let X be a monotonically normal space with a cr-nowhere dense set D = 
\J n<0J N n . Fix a sequence of dense sets {D n : n G ui} as well. Let us apply 
Lemma 16761 to pick discrete sets E n C D n such that JV„ C J? n . Then Un<« ^™ ^ s 
a dense subset of X and this witnesses that X is D-separable. □ 



The following theorem can be derived from Theorem 16.71 and Theorem 28 of 
[H] . We offer an alternative proof based on Mary Ellen Rudin's famous result that 
every compact monotonically normal space is the continuous image of a compact 
linearly ordered space. 

Theorem 6.8. Every compact, monotonically normal, nwd-separable space has 
a a -disjoint it -base. 

Proof. Let us remark that X does not have isolated points because it is nwd- 
separable. 

Assume first that X is a GO-space, i.e., it is a subspace of an ordered space 

Y. 

Let {JV„ : n G w} be a family of nowhere dense subsets of X such that 
U{JV„ : n G oj} is dense. We can assume JVo C JVi C . . . . 
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For each n G cj consider Y \ N n , and let U n be the natural partition of Y \ N n 
into maximal convex sets. Let V„ = {U n X : U £W„}. 
We claim that V = U„ew ^ n 1S a '''-base. 

Indeed, let (y, y') be an open interval with X(~)(y, y') ^ 0. Since X is dcnsc-in- 
itsclf, we can find xo,X\,X2 G X with y < xq < x\ < X2 < y' ■ Then (i;,ii)nl 7^ 
^ (xi,y') C\X. So there is n such that {y,x\) n AT„ ^ ^ (zi,?/) niV n . Pick 
G (y,xi) n Af„ and x 2 G (x\,y') fl JV„. Since X n (xq,x 2 ) 7^ and N n is 
nowhere dense, we can find x[ elfl (a;^,^) \ N±. Pick [/ G U n with x' x G fl. 
Then x' Q , x' 2 £ U, so U C (x , x 2 ) C (y, y'). Thus ^[/nlclfl()/, y'). 

Now let X be arbitrary. Then, by Rudin's theorem, X is the continuous image 
of a compact, ordered space Y, f : Y -» X. Then there is a closed subspacc Z 
of Y such that that map g = f \ Z is irreducible. Then Z is a GO space, and it 
does not have isolated points because g is irreducible, and X is dense-in-itself. 

So Z has a cr-disjoint 7r-base 

We claim that 

V = {X\g[Z\U]:U eU} (43) 

is a cr-disjoint 7r-base of X. 

First observe that if U G W, then X \ \ IT] ^ 0, i.e. X ^ ,g[Z \ [/], because 
g is irreducible. Thus ^ V. 

To check that V is a 7r-base, pick an arbitrary non-empty set V C X. Then 
then there is U G U with f7 C g^V. Then X \ .g[X \U]cV. 

Finally we show that V is cr-disjoint. Since U was cr-disjoint, it is enough to 
show that UHU' = implies (X\ f[Z\U])n(Z\ f[X\U']) = 0. Indeed, assume 
that (X \ f[Z \ U}) n (Z \ f[X \ EI']) ± 0. Pick xeX\ (f[Z \ U}) U f[Z \ U']). 
Fix z G Z with 5 0) = a;. Then zeUDU', i.e. £/ n CI' # 0. □ 

Finally, we turn our attention to a particularly interesting space: 

cr(2 Wl ) = {x G 2" 1 : laT^l)) < 

and to the question whether this space is Inseparable. First, note that cr(2 wi ) is 
cr-discrete and hence d-separable. A natural approach would then to prove that 
cr(2 Wl ) is DDG. However, we will show that it is independent of ZFC whether 
cr(2 Wl ) is DDG. More precisely, we prove that 

Theorem 6.9. If MA Hl holds then a(2 UJl ) is DDG. 

and 

Theorem 6.10. I/O holds then cr(2 Wl ) is not DDG. 

If a G [wi] <w , then we denote the characteristic function on a by \ a . The 
map a H> Xa is a bijection between [^i] <w and cr(2 LJl ). For A C [wi] <L "write 
X[A] = {xa '■ ct G A}. 

Let 

t = {Ac [wi] <w : x[4 is open in a(2 Wl )}- 
Instead of cr(2 Wl ) we will consider a homeomorphic copy of that space: the space 
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For 1,1/6 \u>i \ <u) with x PI y = 0, let 

£/(x, y) = {z £ [a>i] <w : x G z A i/fla = 0}. 

If a G [aii] <w , then the family 

{t/(a,fo):&G [wi\a] <w } 
is a neighborhood base of a in X. 

Lemma 6.11. Let a E [cji \ a] w and B C [w x \a] . Tften a E B 1 iff B 
contains an infinite A- system with kernel a. 

Proof. Assume first that a G £>'. Choose 60, 61, ■ ■ • from B \ {a} such that 

b n eBnU(a, (6oU"-U6n_i)\a). 

Since a E B' we can construct such a sequence, and observe that {60, 61m . . . } is 
an infinite A-system with kernel a. 

Assume now that B is an infinite A-system with kernel a. If U(a, c) is a 
neighborhood of a, then we can pick b E B \ {a} with c n b — 0, and then 
6eU(a,c). SoaeB'. □ 

To prove Theorem 16.91 we need the following lemma. 

Lemma 6.12. (MA^J If E C ct(2 Wi ) is discrete, A C cr(2 Wl ), # C A', i/ien 
i/iere is a discrete Di C A with E\ C -D^. 

Proo/. For e E E pick z(e) G [ui \ a] with EnU(e, e[Z)) = {e}. Since e G A' 
there is an infinite A-system A e C U (e, e(Z)) n A with kernel e. 
Define V = {P, <) as follows. Let 

f = {P I P G [-4 x E] <UJ A V (a, e) E p a E A e A 

V (a. e) 7^ (a', e'} G p a <£ U(a' , z(e')).}. (44) 

Let p < q iff p 2 q. 

Claim 6.12.1. V satisfies c.c.c. 

Proof of the Claim. Assume {p a : a < uo\} C P. 

Let A a = supp{p a ) = U( Qe )Gp Q ( a ^ z ( e ))- There are a < /3 < a>i and a 
bijection <t : ^4 Q — > Ap such that cr \ A a PI A^j = id, and 

p^ = {(o-[a],£7-[e]) : (a,e) Ep a }. (45) 

Then p a U pp E P. Indeed, if (a, e) G p a \pp and (a',e') E pp \p a , then 
a' £ A Q n Ap, so a £ f7(a',0). □ 

Claim 6.12.2. Z/p E P, e E E, and e E U(e,z), then there is a E An U(e,z) 
such that p U {(a, e}} G P. 

Proof of the Claim. There is a G A e such that 
(Dl) e G a, 

(D2) (supp(p) U z) n a = e, 
(D3) a \ supp(p) ^ 0. 
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We claim that this a works. 

Indeed, if (a',e') G p, then a' j5 a, and so a' ^ U(a, 0) D L7(a, z(e)). On the 
other hand, assume on the contrary that a G U(a',z(e')). Then e G U(a' , z(e')) 
by (E(2j. Thus e = e'. Thus a, a' G A e , and so a <£ U(a', 0). Contradiction. □ 

For e G E and n G w let 

£>e,n = {P S P : | {a : (a, e) G p}| > n}. 

By Claim RT12.21 the sets T> e ^ n are dense. Let 

U = {£> e ,n : e G E,n G w}. 

By Claim [B~12. 11 MA^ implies that there is a D-generic filter Q C P. For e G E 
let 

E = {aG A: <a,e> e|j£}, 

and 

I?! = \J{F e : e G E}. 

Then E>i is discrete, because if (a, e) G U^> tnen n ^( a ' z ( e )) = {°} by 
the construction of the poset. Moreover, for e G E the set E e is infinite by the 
genericity of Q, and F e is a A-system with kernel e by the construction of the 
poset. So e G F' e C E>i 

Thus we proved the lemma. □ 

We now finish with the proof of the first theorem: 

Proof of Theorem\6Jh Let A C cr(2 Ul ), and let B C I be a discrete set. We 
need to find a discrete set D C A with E C D. 
To start with let E = {e G -E H A : e ^ A'}. 

Then E is discrete, moreover E n A \ E = 0. Let Ai = A \ Eq and E\ = 
E\Eq. Then Ei G A[, so, by Lemma [633 there is a discrete set D\ C Ai with 
Ei C D[. Then 

(I) E n TTi = because E n A' = 0, and 
(II) Eb n £>i = because £>i c A x = A \ ~E~ . 
Thus D = Eq U D\ is the required set. □ 

Proof of Theorem \6.10\ Consider the discrete subspace D — [oji] 1 of cr(2 Wl ). 

Using we will construct A C [wi] ~ 2 such that D C A', but there is no discrete 
£ G A with E c £'. 

Fix a O-sequence (A a : a < u>i) which guesses subsets of [wi] , i.e. 

VC C [u)i] * {a:Cfl [a] <ul = C a } is stationary. (46) 
We construct a continuous sequence (Ap : w < (3 < wi) such that 

(a) A^c{fcG :|6|> 2}, 

(b) {{a} : a < p) C A^ 

(c) if b G A/3 and \b n i/| > 2 for some v < j3, then 6 n f G A^, 
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as follows. Let 

A, = {x e H <w : \x\ > 2}. (47) 

If /? is limit, let 

•4s = U^C (48) 

Assume that /3 = a + 1. 

If C a „4 Q or there is ^ < a such that {z^} is not an accumulation point of C a 
then let 

A a +i = A a U {{a, 2n, 2n + 1} : n< uj} . (49) 

Assume now that C a C A a and 

{M:i/<a}cC (50) 

Then for each v < a there is a A-system in C a with kernel v. So there are 
infinitely many pairwise disjoint elements {&" : n < uj} in C a . Let 

^ a +i=Au{{a}U^:n<a;}. (51) 

It is clear that (a)-(c) hold. 

Let A = A Ul . Then {{a} : a < uji} C A' by (b). Assume on the contrary 
that there is a discrete set £ C A with {{a} : a < u>i } C £ '. For each e e £ fix 
neighborhood t/(e, z(e)) of e with ?7(e, z(e)) H £ = {e}. 

Then there is a < ui\ such that 

{{z/} : v < a) C (£ n [a] <W )', z(e) C a for e 6 £ n [a] <u , 

and C Q = £ n [a] <w . 

Pick 6 e £ nC/({a},0). Since {{z/} : i/ < a} C C^, we have fen (a + 1) = {a}Ub* 
for some n < uj. Since fe" € C Q C £, we also have 

n £ = {&«}. 

But 6£ U z(6£) C a and & n a = &£, so 

(52) 

Contradiction. □ 

The following remains unsolved: 

Question 6.13. Is it provable in ZFC that a(2 Ul ) is D- separable? Does imply 
that tr(2" 1 ) is not D-separable? 



7. Acknowledgements 



The authors acknowledge helpful comments from Justin T. Moore and the the 
Set Theory and Topology groups of both the Renyi and Fields Institute. 



30 daniel soukup, lajos soukup, and santi spadaro 

References 

[1] A. V. Arhangclskii, On d-separable spaces, Seminar on General Topology, Moscow, Moscow 

State Univ. Publ., 1981, 3-8. 
[2] L. Aurichi, L. Junqueira and R. Roque Dias, on d— and D -separability, Topology and its 

Applications 159 (16) (2012), 3445-3452. 
[3] B. Balcar , F. Hernandez-Hernandez, M. Hrusak, Combinatorics of dense subsets of the 

rationals Fundamenta Mathcmaticac, 183 (2004), 59—80. 
[4] D. Barman and A. Dow, Selective separability and SS + , Topology Proceedings 37 (2011), 

181-204. 

[5] A. Bella, M. Bonanzinga and M. Matveev, Variations of selective separability, Topology 

and its Applications 156 (7) (2009), 1241-1252. 
[6] A. Bella, M. Bonanzinga, M. Matveev and V. Tkachuk, Selective separability: general facts 

and behavior in countable spaces, Topology Proceedings 32 (2008), 15-30. 
[7] A. Bella and V.I. Malykhin, Tightness and resolvability, Comment. Math. Univ. Carolin. 

39 (1998), no. 1, 177184. 
[8] A. Bella, M. Matveev and S. Spadaro, Variations of selective separability II, discrete sets 

and the influence of convergence of maxiraality, Topology and its Applications 159 (1) 

(2012), 253-271. 

[9] A. Bella and P. Simon, Spaces which generated by discrete sets, Topology and its Appli- 
cations, 135 (1-3) (2004), 87-99. 

[10] A. Berner and I. Juhasz, Point-picking games and HFDs, in: Proc. Log. Coll. Aachen, 
Springer, Berlin (1983), pp. 53-66. 

[11] G. Di Maio, L. Kocinac and E. Meccariello, Selection principles and hyperspace topologies, 
Topology Appl. 153 (2005), 912-923. 

[12] Eric K. Van Douwen, Franklin D. Tall, William A. R. Weiss, Non-metrizable hereditarily 
Lindeldf spaces with point- countable bases from CH, Proceedings of the AMS, 64 (1977), 
139-145. 

[13] A. Dow, M. Tkachenko, V. Tkachuk and R. Wilson, Topologies generated by discrete 

subspaces, Glasnik Matematicki, 37 (1) (2002), 187-210. 
[14] R. Engelking, General Topology, Heldermann Verlag, Berlin, 1989. 

[15] G. Gruenhage, T. Natkaniec and Z. Piotrowski, On Thin, Very Thin and Slim Dense Sets, 

Topology Appl. 154 (2007), no. 4, 817-833. 
[16] G. Gruenhage and M. Sakai, Selective separability and its variations, Topology and its 

Applications, 158 (12) (2011), 1352-1359. 
[17] J. Hutchison, Thin-type Dense Sets and Related Properties, Ph.D. Dissertation, Auburn 

University, 2010. 

[18] T. Jech, Set theory: the third millennium edition, revised and expanded Springer Monog. 

in Math., Springer- Verlag, Berlin, 2003. 
[19] I. Juhasz, Cardinal Functions II, Handbook of set-theoretic topology, ed. Kenneth Kuncn 

and Jerry E. Vaughan. 1984, North Holland, p. 63-109. 
[20] I. Juhasz, L. Soukup and Z. Szetmiklossy, V-forced spaces: a new approach to resolvability, 

153 (11) (2006), 1800-1824. 
[21] I. Juhasz and Z. Szcntmiklossy, On d- separability of powers and C P (X), Topology and its 

Applications, 155 (4) (2008), 277-281. 
[22] Kenneth Kuncn, Luzin Spaces, 1, (1976) 191-199. 

[23] J.T. Moore, A solution to the L space problem, Journal of the American Mathematical 

Society 19 (2006), n. 3, pp. 717-736. 
[24] J.T. Moore, An L space with a d-separable square, Topology and its Applications 155 

(2008), pp. 304-307. 

[25] J.T. Moore and S. Todorccvic, The metrization problem for Frechetl groups in: Open 

Problems in Topology, II (E. Pearl, ed.), Elsevier (2007). 
[26] M.E. Rudin, Nikiel's conjecture, Topology and its Applications, 116 (3) (2001), 305-331. 
[27] M. Sakai, Selective separability of Pixley-Roy hyperspaces, preprint. 

[28] M. Scheepers, Combinatorics of open covers, VI: selectors for sequences of dense sets, 
Quaestiones Mathematicae, 22 (1) (1999), 109-130. 



COMPARING WEAK VERSIONS OF SEPARABILITY 



31 



[29] S. Shclah and S. Todorcevic, A note on small Baire spaces, Canad. J. Math. 38 (1986), 
no. 3, 659-665. 

[30] V. Tkachuk, Function spaces and d- separability, Quacst. Math. 28 (2005), no. 4, 409-424. 
[31] S. Todorcevic, Trees and linearly ordered sets, in: Handbook of Set-Theoretic Topology, 

K. Kunen and J.E. Vaughan Eds., Elsevier 1984, 235-293. 
[32] S. Todorcevic, Private communication. 

Department of Mathematics, University of Toronto, Toronto, ON 
E-mail address: daniel.soukup@mail.utoronto.ca 

Renyi Institute of Mathematics, Hungarian Academy of Sciences, Budapest, Hun- 
gary 

E-mail address: soukupSrenyi.hu 
URL: http : / /www . renyi . hu/ ~soukup 

Department of Mathematics and Statistics, Faculty of Science and Engineering, 
York University, Toronto, ON 

E-mail address: sspadaro@mathstat.yorku.ca, santispadaroOyahoo.com 



